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ABSTRACT: For any integer k, lies between zero and diameter plus one, a radio k —chromatic labelling of a simple
connected graph G = (V, E) is a mapping from V(G) to N such that d(u, v) + |glw) —gW)| =1+ k,V u v € V(G),
where d(u, v) is the distance between u and w. The maximum number assigned to a vertex under the mapping h is
denoted by r..(g), is called the radio k - chromatic number of G under the mapping g. The radio k- chromatic number
of G, denoted by r.,(G) is the minimum value taken over all such radio k - chromatic numbers of g. In this paper, we
have obtained the radio 1-chromatic number of Uniform r - cyclic split graph and n-wheel star graph.

KEYWORDS: labelling, radio k-chromatic number, uniform r —cyclic split graph, n-wheel star graph.

I. INTRODUCTION

In order to find the maximum number of channels in a predetermined electromagnetic spectrum bandwidth, in
2004, Chartrand et.al. [11] introduces the concept of radio k-chromatic number. The graph theoretical definition is
given as follows: For any integer k, lies between zero and diameter plus one, a radio k —chromatic labelling of a
simple connected graph G = (V,E) is a mapping from V(G) to N such that d(u,v) + |g(u) —g(w)| = 1+ k,
Y u, v € V(G) where d(u, v) is the distance between u and w. The maximum number assigned to a vertex under the
mapping h is denoted by r.,(g), is called the radio k —chromatic number of G under the mapping g. The radio
k —chromatic number of G, denoted by r (G)is the minimum value taken over all such radio k —chromatic humbers
of g.

Based on various values of k, the problem is classified as follows: When k = 1, the radio 1-chromatic number is
same as the ordinary chromatic number problem and it was studied in [7,13]. If kK = 2, the radio 2-chromatic number is
equivalent to distance two problem or L(2,1) — labelling number. This problem is widely studied by several authors [4,
8,9,10,15, 16, 17, 18, 22, 23, 24, 31]. When k = rad(G), where rad(G) is the radius of the graph, then the problem is
called radial radio number and it has been studied by only few researchers [1, 3, 21, 26, 32, 35]. If we replace k by
diam(G) — 1, where diam(G) is the diameter of the graph G, then the problem was named as radio antipodal number.
Few results related to this problem can be seen in the articles [2, 9, 10, 14, 19, 20]. When k = diam(G), then the
problem is called radio number problem which is used to find the maximum number of channels for FM radio stations.
Many research articles [5, 6, 12, 25, 27, 28, 29, 30, 33, 34, 36, 37] in this area has been published. In this paper, we
have completely determined the chromatic number of uniform r —cyclic split graph and n-wheel star graph.

Il. UNIFORM r - CYCLIC SPLIT GRAPH KC(r)

In this section, we have investigated the radio 1-chromatic number of Uniform r - cyclic split graph KC(r)
and n-wheel star graph
The following graph is introduced by Bharati et.al. [5]. The following definition of KC(r) is taken from [28].
Definition 2.1: A uniform r —cyclic split graph represented by KC(r) is a graph in which the removal of nmr edges in
KC(r) partition the graph into nm independent cycles of length r and a complete K,,. If each of the nm cycles of length
ris shrunk to a vertex, then the uniform r - cyclic split graph reduces to the standard split graph. Further, at each
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vertex of the complete graph, there are k wheels attached. The number of edges and vertices are 2nmr +
n(mr + 1) respectively.

Theorem 2.1: Let r be even, then the chromatic number uniform r —cyclic split graph KC(r) is rc, (KC(r)) =n+2.
Proof: Before assign the chromatic labelling, first we name the vertices of the complete graph K, as {w1, wz ... w,,} and
the nm cycles as {vy, V3 ... Ur, Vri1 oo Unmp U1 - Unmr} T€SPectively. Next, we define a mapping g from V(K C (r)) to
the positive integers as follows:

1, i is odd

g(vg) - { 2, ij]r‘UIjis even ’
glwy) =240, T=12..n
Claim: d(u,v) + | glu)-g(w)| = 2, forallu,v € V(KC(r)).

nn-1)
2

and

Jg=12..nmr.

Figure 1: A chromatic labelling of KC(r) with r = n =4,m = 3.

Case 1: Let u and v any two arbitrary vertices be vertices on cycle, then by the naming of vertices, u and v are takes
the form u =vg andv = v, , 1< 6T # 2 < nmr.

Case 1.1: Suppose both erand = are odd, then from the above defined mapping g g(v,) =1 = g(v,). Also,
d(v,,v,) = 2. Hence the radio 1-chomatic condition becomes d(v,,v,) + | g(v,)—-gw,)| =2 +|0] = 2.

Case 1.2: Suppose both er and 2_ are even, then from the above mapping g(vg) =2 =g, ) = 2. Also,
d(vg,vs ) = 2. Therefore, labelling condition becomes d (Vg Vs ) + | g(vg)—g(vs )| =2 +[0] = 2.

Case 1.3: If 6T is odd and 2_ is even, then g(vg) = 1 and g(vs ) = 2. In addition, d(vg, vs ) = 1. Hence, the radio
1-chomatic condition becomes d(vg,vs ) + | glvg)—gwes )| =1+ |1 - 2| = 2.

Case 1.4: If et is even and 2_ is odd, then g(vg) = 2 and g(ve, ) = 1. In this subcase also d (v, vs ) = 1. Therefore,
d(e,ve ) + | glvg)-g(we )| =21+ (2 -1| = 2.

Case 2: Suppose both the vertices are complete graph vertices, then, u and v are takes the form u = wg and v = wy, ,
1< 6T # 2 < n. Then from the above defined mapping g(wg) = 6T +2 and g(we ) = 2+ 2 respectively. Also,
d(vg,vs ) = 1. Hence, the radio 1-chomatic condition becomes d(wg,ws )+ | g Wg)—gws )| =1+
[eT+2—(2=+2)|=1+4|6T—2| = 2.Since, 6T = 2_.

Case 3: Suppose u on the cycle and v is a complete graph vertex then u = vg, 1< 6T # 2 < nmrand v = w, ,

1< 2 < n. Therefore, in this case the distance between v and wy_is either 1 or 2. In addition, the | g(w)—g(w)| =
|2—-(2+2)]=2..Hence, d(vg,ws )+ | glvg)—gws )| =1+ 2_ = 2, since 2 > 0.

Thus, the radio 1-chromatic condition is satisfied for every pair of vertices in V(KC(r)).

Hence the given mapping yields the result, rc; (KC (r)) = n + 2, whenever 7 is even.
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Theorem 2.2: Let r be odd, then the chromatic number uniform r —cyclic split graph KC(r) is r¢; (KC(r)) = n + 3.
Proof: Define a mapping g from V(KC(r)) to N as follows:

1, if Jisoddand [J # 0(mod )
g(vg) =42, if Tiseven, J =1,2..nmr.

3, if Jisoddand [J = 0(modr)
g(WU) =3+0,0=12..n
Claim:d(u,v) + | gw)-g()| = 2, forallu,v € V(KC(r)).
Case 1: Let u and v any two arbitrary vertices be vertices on cycle, then by the naming of vertices, u and v are takes the
form u=vgandv=v,,l1 <6l #2 < nmr.
Case 1.1: Suppose both 61 and 2_ are odd and eT,2_ # 0(mod ), then g(vg) =1 =g(ws ) and d(vg,vs ) = 2.
Hence, the radio 1-chomatic condition becomes d(vg, vs ) + | g(vg)—g(vs )| = 2+ 0| = 2.
Case 1.2: Suppose both er and 2_ are even, then the case is as same as Case 1.2.
Case 1.3: If eTis odd, eT # 0(mod r) and 2_ is even, then g(vg) = 1 and g(v, ) = 2. In addition, d(vg, vs ) = 1.
Hence, the radio 1-chomatic condition becomes d (v, vs ) + | g(vg)—g(we )| =21+ |1 - 2| = 2.
Case 1.4: If eT iseven and 2_ is odd, 2_ # 0(mod r), then the case is similar to Case 1.3.
Case 1.5: If 6T is odd or even, 6T # 0(mod r) and 2_ = 0(mod r), then either g(vg) = 1 or 2. Also, g(v, ) = 3 and
d(vg, Vs ) = 1. Hence, the radio 1-chomatic condition becomes d(vg, vs ) + | g(vg)—g(vs )| = 2.
| gw)-g(@)| = 2, forallu,v € V(KC()).

Figure 2: A chromatic labelling of KC(r) withn = 3,m = 3 and r = 5.

Case 2: Suppose both the vertices are complete graph vertices, then, u and v are takes the form u = wg and v = wy, ,
1 <eT+2 <n Then, glwg)=6eT+2 and g(w, ) =2_+ 3 respectively. Also, d(vg,vs )= 1. Hence,
dWg,we )+ | g Wg)—-gwe )| =1+ |6eT+2—(2-+2)[ =1+ |6T —2_| = 2.Since, 6T # 2_.

Case 3: Suppose u on the cycle and v is a complete graph vertex then u = v, 1< 6T # 2. < nmrand v = w, ,

1< 2 < n. Therefore, the distance between v, and wy_ is either 1, 2 or 3. Moreover,

lg(wg)—gws )| = (3 - (3+2)| =2_.Hence, d(vg,ws )+ | glvg)—gws )| =1+ 2 = 2, since 2_ > 0.
Thus, the radio 1-chromatic condition is also satisfied for every pair of vertices in V(KC (r)), r is odd. Hence the given
mapping yields the result, rc; (KC(r)) = n + 3, whenever r is odd.

. n- WHEEL STAR GRAPH

In this subsection, we have determined the radio-1 chromatic number of n-wheel star graph. The following
graphwas introduced by Francis et.al. [15].

Definition 2.1: Let v;,1 < i < n be the vertices of the star graph Sn+1 with hub at x and letu;, 1 <i < nr be the
vertices in the wheel graphs with hubs at v;,i = 1,2 ...n. The graph obtained is termed as n-wheel star graph and it is
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denoted by WS(n,r). The cardinality of the vertex set and edge set of WS(n,r)are nr +n+1 and nr +n
respectively. We have obtained the results separately, for odd and even cases.

Theorem 3.1: Let r be even, then the chromatic number of n-wheel star graph WS(n, r) is r¢, (WS(n, r)) = 3.
Proof: Define a mapping g: WS(n,r) - N as follows

2, 1 is odd

g(ug) - {3, i]j:gis even ’
g(vU) =1 p=12..n
glx) = 2.
Next, we claim that d(u,v) + | g(w)-g(@)| = 2, forallu,v € V(WS(n,1)).
Case 1: Let u and v any two arbitrary vertices on the star graph, then u and v takes the form u =vgand v = v, , 1<
6l = 2 < n. In this case, vg and v, are labelled as 1. But the distance between them is just two. Consequently,
d(e, ve ) + | g(va)-g(we )| = 2.
Case2: Letu =ugandv =u, , 1< 6T # 2. < nr.
Case 2.1: Suppose both et and 2_ are odd number or an even number, then from the mapping g(ug) = g(us ) and
d(ug, us ) = 2. Hence, d(ug, us ) + | glug)—gus )| = 2.
Case 2.2: IfeTe2N+1and2_ € 2Nor ef € 2Nand 2 € 2N+ 1then g(ug) =2and g(us ) =3 0or g(ug) =3
and g(us ) = 2. In these possibilities, d(ug, us ) = 1. Hence, d(uq, us ) + | g(ug)—g(us )| satisfies the required
inequality.
Case 3: Assumeu = ug, 1< 6eT <nrandv = v, , 1< 2 < n. Therefore, in this case the distance between u, and
vs IS atleast 1 and the modulus difference between the function values is exactly 1. Therefore, d(ug, vs ) +

lg(ug)—g(we )| = 2.
Case 4: Finally, if we choose u = x and v is any other vertex in the graph, then there are three possibilities arises. If v

is an odd suffix vertex, then the distance between them is exactly 2. Also, if v is an even suffix vertex, then the distance
between them is atleast 1 and | g(u)—g(v)| = 1. Otherwise the distance between is atleast 1 and the modulus
difference between the function values is exactly 1. Therefore, d(u,,v,) + | glu,)—-g,)| = 2.

Thus, the radio 1-chromatic condition is satisfied for every pair of vertices in V(WS(n,1)).

Hence, r¢c,(KC(r)) = 3,7 is even.

=1,2..nr.

Theorem 3.2: Let r be odd, then the chromatic number n-wheel star graph is r¢; (WS(n,r)) = 4.
Proof: Define a mapping g from V(WS(n,7)) to N as follows:

2, if Jisoddand J # O0(modr)
g(vg) =13, if Tiseven,[J = 1,2..nr

4, if Tisoddand J = 0(mod r)
g(vg) =1, 0=12..n

glx) = 2.
As the remaining part of the proof is similar to previous theorem, we left the proof.

IV. CONCLUSION

In this paper we have determined the 1-chromatic number of Uniform r —cyclic split graph and n-wheel star
graph. Further, the research can be extended to study different k-values for interconnection networks.

REFERENCES

1. Arputha Jose T, Giridharan M, “Radial radio mean labeling of Mongolian tent and diamond graphs,” International
Journal for Research in Applied Science and Engineering Technology, vol. 8, no. 7, pp. 2078-2083, 2020.

2. Antony Xavier D, Thivyarathi R.C. "Radio Antipodal Mean Number of Certain Graphs", International Journal of
Mathematics Trends and Technology, Vol. 54(6), pp. 467-470, 2018

3. Avadayappan S, Bhuvaneshwari M, Vimalajenifer S, “A note on radial radio number of a graph,” International
Journal of Applied and Advanced Scientific Research, pp. 62-68, 2017.

IJIRSET © 2022 | An SO 9001:2008 Certified Journal | 1479


http://www.ijirset.com/

International Journal of Innovative Research in Science, Engineering and Technology (IJIRSET)

L)
ﬂ"\ 1%%5 | e-ISSN: 2319-8753, p-1SSN: 2320-6710| www.ijirset.com | Impact Factor: 7.569|
IJIRSET

10.
11.

12.

13.

14.

15.

16.

17.

18.

19.
20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

[| Volume 11, Issue 2, February 2022 ||

| DOI:10.15680/1JIRSET.2022.1102089 |

Baby Smitha K. M, K. Thirusangu. K, Distance two labelling of cycle related graphs. International Journal of Pure
and Applied Mathematical Sciences. Vol. 9(2), pp. 299-312, 2015.

Bharati Rajan, Indra Rajasingh, Kins Yenoke, Paul Manuel, “Radio number of graphs with small diameter”,
International Journal of Mathematics and Computer Science, Vol. 2, pp. 209-220, 2007.

Bharati Rajan, Kins Yenoke, “Radio number of Uniform theta graphs”, Journal of Computer and Mathematical
Sciences, Vol 2, pp. 874-881, 2011.

Bollobés, B. and West, D. B. "A Note on Generalized Chromatic Number and Generalized Girth." Discr.
Math. 213, 29-34, 2000.

Chang, G.J., Kuo, D, The L(2,1)-Labeling on graphs, SIAM J. Discrete Math. VVo. 9, pp. 309-316, 1996.

Charles Robert Kenneth, Albert William, Thivyarathi R.C., “Radio Antipodal Number of Circulant Graphs”
International Journal of Engineering Research & Technology, Vol. 2 (2), pp. 1-5, 2013.

G. Chartrand, D. Erwin, and P. Zhang, Radio antipodal colourings of graphs, Math. Bohemica, 127 (2002), 57-69

G. Chartrand, N. Ladislav, P. Zhang. Radio k-colorings of paths. Discussiones Mathematicae Graph Theory,
Vol.24, pp. 5-21, 2004.

G. Chartrand, D. Erwin, and P. Zhang: A graph labelling problem suggested by FM channel restrictions, Bull. Inst.
Combin. Appl., 43 (2005), 43-57.

Chartrand, G. "A Scheduling Problem: An Introduction to Chromatic Numbers™ Introductory Graph Theory. New
York: Dover, pp. 202-209, 1985.

Devsi Bantva, “Radio number for middle graph of paths”, Electronics Notes in Discrete Mathematics, VVol.63, pp.
93-100, 2017.

Francis Xavier D, Kins Yenoke, Preethi S, L(2,1) and L(3,2,1) Labelling of Certain Star and Wheel Related
Graphs, International Journal of Innovative Research in Science, Engineering and Technology, Vol. 9 (6), 2020.
Gerard J. Chang and David Kuo, The L(2,1)-Labeling problem on Graphs, SIAM J. Discrete Mathematics Vol.9
(2), pp.309-316.

J.R. Griggs and R.K. Yeh, Labeling graphs with a condition at distance two, SIAM J. Discrete Math, Vol.5,
pp.586-595, 1992.

Hasunuma.T, Ishii.T, Ono.H and Uno, A linear time algorithm for L(2,1)-Labeling of trees, In: Lecture notes in
Computer Science, Vol. 5757, pp.35-46, 2009.

R. Khennoufa and O. Togni, A note on radio antipodal colourings of paths, Math. Bohemica, 130 (2005), 277-282.

R. Khennoufa and O. Togni, The radio antipodal and radio numbers of the hypercube, Ars Combinatoria, 102 (2011), 447-
461.

Kins Yenoke, “Radial radio number of uniform cyclic and wheel split graphs” International Journal of Advance
Research, Ideas and Innovations in Technology, Vol. 6(4), pp. 222-227, 2020.

Kins Yenoke, K.M. Baby Smitha, Temi Maryson “L(2,1)-Labeling of Certain Tree Related Graphs” Juni Khyat,
Vol. 10(8), pp. 207-212, 2020.

Kins Yenoke, Mohammed K. A. Kaabar, The Bounds for the Distance Two Labelling and Radio Labelling of
Nanostar Tree Dendrimer, Telkomnika Telecommunication, Computing, Electronics and Control, Vol 20, No.1, pp.
52-60, 2022. http://dx.doi.org/10.12928/telkomnika.v20i1.20404.

Kins Yenoke, D. Francis Xavier, Temi Maryson, “L(2,1)-Labeling of Oxide and Silicate Networks” Journal of
Computer and Mathematical Sciences, vol. 11(6), pp. 27-33, June 2020.

Kins Yenoke, Charles Robert Kenneth “Lower bounds on the radio degree of ladder graph, triangular ladder graph
and comb graph” International Journal of Current Science and Engineering, Vol. 2 (7), pp.0341-344, 2020.

Kins Yenoke, Mohammed K. A. Kaabar, Mohammed M. Ali Al-Shamiri, R. C. Thivyarathi, “Radial Radio
Number of Hexagonal and its derived Networks”, International Journal of Mathematics and Mathematical Sciences,
Vol. 2021, pp. 1-8, 2021.

Kins Yenoke, “On the Radio number of extended mesh”, Journal of Computer and Mathematical Sciences, Vol. 5,
pp. 358-356, 2014.

Kins Yenoke, “Radio number of graphs with extended wheels”, International Journal of Current Advanced
Research, Vol.9, pp. 22447-22450, 2020.

Kins Yenoke, P. Selvagopal, K. M. Baby Smitha, Ronald Cranston, “Bounds for the Radio Number of Mesh
derived Architecture” International Journal of Innovative Science, Engineering and Technology, Vol. 9, pp. 4806-
4810, 2020.

Kins Yenoke, On the radio number of certain classes of circulant graphs”, International Journal of Trend in
Scientific Research and Development (IJTSRD) Vol. 4(5), pp. 430-434, 2020.

Kujur C, Xavier D A., Raja S A A, Xavier F, “L(2,1)- labelling for Bloom graph”. International Journal of
Mathematics And its Applications, Vol.5 (4), pp. 437-447, 2017.

IJIRSET © 2022 | An SO 9001:2008 Certified Journal | 1480


http://www.ijirset.com/
http://www.amazon.com/exec/obidos/ASIN/0486247759/ref%3Dnosim/ericstreasuretro
https://www.sciencedirect.com/science/article/abs/pii/S1571065317303050#!
http://dx.doi.org/10.12928/telkomnika.v20i1.20404

International Journal of Innovative Research in Science, Engineering and Technology (IJIRSET)

- -
ﬂ’),ﬁ%ﬁ | e-ISSN: 2319-8753, p-1SSN: 2320-6710| www.ijirset.com | Impact Factor: 7.569|

32.

33.

34.

35.

36.

37.

IJIRSET [| Volume 11, Issue 2, February 2022 ||

| DOI:10.15680/1JIRSET.2022.1102089 |

M.P. Kulandaivel, Kins Yenoke, K.M. Baby Smitha, “Radial Radio Number of Chess Board Graph and King’s
Graph”, Telkomnika Telecommunication, Computing, Electronics and Control, Vol 20, No.l1, pp. 9-18 2022.
http://dx.doi.org/10.12928/telkomnika.v20i1.19493

Laxman Saha, Radio number of some AVL trees”, International Journal of Applied and Advanced Scientific
Research, Vol 4 (1), Issue 1, 2019.

Liu and X. Zhu, “Multi-level distance labelings and radio number for paths and cycles”, SIAM J. Discrete Math,
Vol 3, pp. 610-621, 2005.

Mohammed K. A. Kaabar, Kins Yenoke, “Radio and Radial Radio Numbers of Certain Sunflower Extended
Graphs” International Journal of Mathematics and Mathematical Sciences, Vol. 2022, pp. 1-9, 2022.
https://doi.org/10.1155/2022/9229409.

Niranjan P.K. & Srinivasa Rao Kola (2020) On the radio number for corona of paths and cycles, AKCE
International Journal of Graphs and Combinatorics, 17:1, 269-275, 2019. DOI: 10.1016/j.akcej.2019.06.006

K. Vaidya, D. Bantva, Radio Number for Total Graph of Paths, International SchorarlyResearch Notices, Vol.
2013, pp.1-5, 2013.

IJIRSET © 2022 | An SO 9001:2008 Certified Journal | 1481


http://www.ijirset.com/
http://dx.doi.org/10.12928/telkomnika.v20i1.19493
https://doi.org/10.1155/2022/9229409
https://doi.org/10.1016/j.akcej.2019.06.006

INTERNATIONAL
. d ® STANDARD
N ~ SERIAL
<. P
u) SRAER - sl'ef \ NUMBER
IF Scientific Journal Impact Factor Cros - INDIA

Impact Factor:
1.569

INTERNATIONAL JOURNAL
OF INNOVATIVE RESEARCH

IN SCIENCE | ENGINEERING | TECHNOLOGY

[) 9940 572 462 [© 6381907 438 (3 ijirset@qmail.com |

www.ijirset.com



